Aims. We aim to study the colors and orientations of structures in low and intermediate inclination barred galaxies. We test the hypothesis that barlenses, roundish central components embedded in bars, could form a part of the bar in a similar manner to boxy/peanut bulges in the edge-on view. Methods. A sample of 79 barlens galaxies was selected from the Spitzer Survey of Stellar Structure in Galaxies (S 4 G) and the Near IR S0 galaxy Survey (NIRS0S), based on previous morphological classifications at 3.6 µm and 2.2 µm wavelengths. For these galaxies the sizes, ellipticities, and orientations of barlenses were measured, parameters which were used to define the barlens regions in the color measurements. In particular, the orientations of barlenses were studied with respect to those of the "thin bars" and the line-of-nodes of the disks. For a subsample of 47 galaxies color index maps were constructed using the Sloan Digital Sky Survey (SDSS) images in five optical bands, u, g, r, i, and z. Colors of bars, barlenses, disks, and central regions of the galaxies were measured using two different approaches and color-color diagrams sensitive to metallicity, stellar surface gravity, and short lived stars were constructed. Color differences between the structure components were also calculated for each individual galaxy, and presented in histogram form. Results. We find that the colors of barlenses are very similar to those of the surrounding bars, indicating that most probably they form part of the bar. We also find that barlenses have orientations closer to the disk line-of-nodes than to the thin bars, which is consistent with the idea that they are vertically thick, in a similar manner as the boxy/peanut structures in more inclined galaxies. Typically, the colors of barlenses are also similar to those of normal E/S0 galaxies. Galaxy by galaxy studies also show that in spiral galaxies very dusty barlenses also exist, along with barlenses with rejuvenated stellar populations. The central regions of galaxies are found to be on average redder than bars or barlenses, although galaxies with bluer central peaks also exist.
Introduction
Galactic bulges is an active research topic, not least because of the recent discoveries concerning the Milky Way bulge, which is now known to form part of the Milky Way bar (Weiland et al. 1994) . Photometrically bulges are defined as flux above the underlying disk, and observers often divide them into "classical bulges", which are highly relaxed, velocity dispersion supported spheroidal components, and rotationally supported pseudo-bulges, which originate from the disk material (Kormendy 1983) . The formation of a pseudo-bulge is associated to the evolution of a bar, which can vertically thicken the central bar regions, for example by bar buckling effects (Combes et al. 1990; Raha et al. 1991; Pfenniger & Friedli 1991) , leading to boxy-or peanut-shaped bulges (see Athanassoula 2005) . Bars can also trigger gas inflows, which, via star formation, can collect stars to the central regions of the galaxies, manifested as central disks (i.e., "disky pseudo-bulges"). Classical and pseudobulges are often distinguished via low Sérsic indices (n ∼ 1 means a pseudo-bulge) and low bulge-to-total flux ratios, but this approach has shown out to be oversimplified (see review by Kormendy 2016) . More sophisticated multi-parameter methods, including kinematics, stellar populations, and metallicities, have been developed, of which an update is given by Fisher & Drory (2016) . However, all these methods have been developed for separating classical bulges from inner disks (i.e., disky pseudo-bulges), without paying attention to the vertically thick inner bar components, which might be visible at a large range of galaxy inclinations.
In fact, there has been a long-standing ambiguity in interpreting bulges at low and high galaxy inclinations in the nearby Universe. While in the edge-on view many bulges have boxy or peanut shape isophotes and are thereby associated with bars (Lütticke et al. 2000; Bureau et al. 2006) , in less inclined galaxies the central flux concentrations in a large majority of galaxies have been interpreted in terms of classical bulges (see the discussion by Laurikainen & Salo 2016) . Isophotal analysis (Athanassoula & Beaton 2006; Erwin & Debattista 2013) have shown that boxy/peanut bulges, based on their isophotal orientation with respect to the bar and the galaxy line-of-nodes, can be identified even at fairly low galaxy inclinations. In a few galaxies boxy/peanut bulges have been identified also kinematically (Méndez-Abreu et al. 2008 in almost face-on view, but such observations are difficult to make.
As a solution to the puzzle of how boxy/peanut bulges appear in nearly face-on galaxies, Laurikainen et al. (2014) suggested that they manifest as barlenses, that is, central lens-like morphologies embedded in bars. Based on multi-component structural decompositions they showed that among the Milky Way mass galaxies such vertically thick bar components might con- Marked are the structure components measured in this study: "bl" refers to barlens, "thin bar" is the bar region outside the barlens, and "nucleus" refers to possible small bulge in the central regions. Right panel shows the contours of the same image. Lines indicating the orientations of the bar (blue line), barlens (red line), and the disk line-of-nodes (dashed line) are over-plotted. Black crosses show the points selected to measure the size and orientation of the barlens by fitting an ellipse to these points.
tain most of the bulge mass in the local Universe. Theoretical evidence for the idea that barlenses and boxy/peanut bulges might be one and the same component was given by Athanassoula et al. (2015) , where detailed comparisons of simulation models with such properties as size and ellipticity of a barlens were made. If the above interpretation is correct, we would expect barlenses at intermediate galaxy inclinations to appear in isophotal analysis in a similar manner as the boxy/peanut structures. Moreover, the colors of barlenses can be compared with those of the bars outside the barlens regions in order to look for similarities. However, the colors of barlenses have not been studied yet, and also, there are no theoretical models in which the colors were directly predicted. Our hypothesis in this study is that if barlenses (in a similar manner as boxy/peanut bulges) are formed of the same material as the rest of the bar, their colors should be similar to those of the rest of the bar.
Barlenses were recognized and coded into morphological classification by Laurikainen et al. (2011) for the Near IR S0 galaxy Survey (NIRS0S), and by Buta et al. (2015) at 3.6 µm for the Spitzer Survey of Stellar Structure in Galaxies (S 4 G; Sheth et al. 2010) . Nuclear bars, rings and lenses are embedded in barlenses in many galaxies, but their sizes are always smaller than those of barlenses. An example of a barlens galaxy, NGC 1350, is shown in Fig. 1 (left panel), where the different structure components in the bar region are illustrated. The bar region outside the barlens is called the "thin bar" (or simply bar), considering that it is assumed to be vertically thin. Depending on the level of gas accretion and the subsequent star formation histories of barlens galaxies, the central components can have variable colors. However, any classical bulges that might appear in these galaxies are expected to be dominated by old stellar populations. The spheroidals are dynamically hot and therefore any accretion of external gas into these components would be difficult.
Sample and data

Sample
Our sample consists of a set of barlens galaxies from two nearinfrared galaxy surveys. The Spitzer Survey of Stellar Structure in Galaxies (Sheth et al. 2010, hereafter S 4 G) which contains 2352 galaxies observed at 3.6 and 4.5 µm with the Infrared Array Camera (IRAC; Fazio et al. 2004 ) on board the Spitzer Space Telescope. This survey is limited in volume (distance d < 40 Mpc, Galactic latitude |b| > 30 deg), magnitude (B corr < 15.5 mag, corrected for internal extinction) and size (D 25 > 1 arcmin). It covers all Hubble types and disk inclinations. From this survey we selected all galaxies with barlenses in the classification by Buta et al. (2015) . In that study no inclination limit was used, however the barlens galaxies have in general inclination 60
• . Only in one case the inclination is ∼ 71
• . The other survey is the Near-Infrared S0 Galaxy survey (hereafter NIRS0S; Laurikainen et al. 2011) , which consists of ∼ 200 early-type disk galaxies observed in the K s -band, with total magnitude B T ≤ 12.5 mag. The inclination limit of this sample is 65
• . Altogether, S 4 G and NIRS0S contain 79 barlens galaxies. If not otherwise mentioned that forms our sample in all the following. This sample will be used to study the orientation of barlenses with respect to those of the bar and the disk line-of-nodes. Of these galaxies 22 appear both in NIRS0S and S 4 G, and NIRS0S has 11 barlens galaxies which do not form part of S 4 G. The barlens galaxy sample is the same as used by Laurikainen et al. (2014) .
Infrared data
The 3.6 µm images from S 4 G typically reach the surface brightnesses of 26.5 (AB) mag arcsec −2 , which translates to roughly 28 mag arcsec −2 in the B-band. These images have a pixel resolution of 0. 75 and full-width half-maximum (FWHM) ≈ 2 . The NIRS0S images at 2.2 µm typically reach B-band surface brightnesses of 27 mag arcsec −2 , with pixel resolution in the range 0. 23 − 0. 61 (typically 0. 25). When 3.6 µm images exist they have a priority in our analysis. The complete list of barlens galaxies appear in Table 1 (see Appendix C): shown are the morphological types, orientations (PA disk ) and inclinations (i disk ) of the disks. For S 4 G galaxies the morphological types are from Buta et al. (2015) , the orientations and inclinations of the disks are from Salo et al. (2015) , and the parameters of bars from Herrera-Endoqui et al. (2015) . For NIRS0S galaxies the morphological types and bar and disk parameters are taken from the original paper (Laurikainen et al. 2011) . In these references the bar parameters were obtained by both visual and ellipse fitting methods, however, only the visual length (r bar ) and orientation (PA bar ) are used here. The disk parameters were obtained using isophotal ellipse fits, from which the ellipticity and orientations of the outer isophotes of the disks are derived. The distances are taken from archive data in the respective survey (in the case of S 4 G galaxies see Muñoz-Mateos et al. 2015) . These are redshift independent distances obtained from NED 1 when available and otherwise calculated assuming H 0 = 71 km s −1 Mpc −1 .
Optical data
In order to obtain the optical colors of the structure components we use the Sloan Digital Sky Survey (York et al. 2000; Gunn et al. 1998 , hereafter SDSS) images in five bands: u, g, r, i, and z. The reduced images are taken from Knapen et al. (2014) who used images from SDSS DR7 and SDSS-III DR8 produced from the SDSS photometric pipeline, but using their own sky subtraction. These mosaics are already sky-subtracted and the different bands are aligned with each other. Such mosaiced images exist for all those S 4 G galaxies for which SDSS data is 1 The NASA/IPAC Extragalactic Database (NED) is operated by the Jet Propulsion Laboratory, California Institute of Technology, under contract with the National Aeronautics and Space Administration. available, including 47 barlens galaxies. This set of galaxies will be referred to as the "color subsample" in the rest of the paper. The pixel scale in the SDSS images is 0. 396. These images can be used to derive surface brightness profiles down to µ r ∼ 27 mag arcsec −2 (Pohlen & Trujillo 2006) , equivalent to 27.5 mag arcsec −2 in B-band.
The basic properties, that is, the Hubble stages, galaxy inclinations, optical galaxy magnitudes, and bar sizes, of the complete sample and the color subsample are shown in Fig.  2 . The Hubble stage distribution is previously shown also by Laurikainen et al. (2014) for the complete sample. The vertical lines represent the median values of the distributions. For the complete sample these values are Hubble stage T = 0, inclination inc = 38.9
• , B absolute magnitude is -19.9 mag, and r bar = 3.1 kpc. In the case of the color subsample the values are T = 0, inc = 38.8
• , B absolute magnitude is -19.7 mag, and r bar = 2.9 kpc. We note that the distributions and median properties of the color subsample are very similar to those of the complete sample.
Measuring the sizes and orientations of barlenses
Sizes
Apparent sizes and shapes of all the barlenses in our sample were measured using the infrared images, fitting ellipses to their outer isophotes. For the galaxies in our sample the sizes have been previously measured by Herrera-Endoqui et al. (2015) or Laurikainen et al. (2011) , but using a more visual approach. The difference between the two approaches is that while in the previous measurements the edges of barlenses were visually estimated at a certain magnitude scale, in this study they were defined following the outermost isophotes of barlenses indicated by their surface brightnesses (see Table 1 ). Points were marked on top of the contour, but avoiding the zone dominated by the bar major axis flux. Then an ellipse was automatically fit to those points, which gives the size (r bl ), minor-to-major axis ratio ((b/a) bl ), and orientation (PA bl ) of the barlens. An example of our measurements is shown in Fig. 1 (right panel), and the derived barlens parameters are compared with those of the previous measurements in Fig. 3 . In Table 1 we give the measurements of the barlens parameters and their uncertainties, which were calculated from the set of three measurements (unc=stdev/ √ N, where N=3 is the number of measurements). The uncertainties in the orientation parameters of the disks were taken from the respective papers. In the case of bars, the uncertainties were calculated in the same manner described above but with N=2, using the parameters obtained with the visual and ellipse fitting methods in the respective catalogs. Fig. 3 indicates that there are no significant systematic difference between the two measurements. In the position angles and b/a-values the scatter easily appears in measurement of structures having low ellipticities, which is the case also with many barlenses. From hereon we use the isophotal measurements obtained in the current study, which were used also to define the zones in our color index measurements (see Sect. 4.2).
Orientations
The orientations of barlenses (PA bl ) are compared with the orientations of bars (PA bar ) and the lines-of-nodes (PA disk ) in Fig.  4 . All the orientations were measured in the sky-plane counterclockwise from the north. The main idea for making this comparison is the following (see also Erwin & Debattista 2013) : if barlenses indeed are vertically thick components in a similar manner as boxy/peanut/X-shaped structures of bars (the strongest boxy/peanuts have X-shape morphology), we would expect that to be manifested in their orientations. Namely, it has been demonstrated by simulation models (Bettoni & Galletta 1994; Athanassoula & Beaton 2006 ) that when the vertically thick boxy/peanut, embedded in a thin bar, is seen in the nonedge-on view, due to an inclination effect the two bar components would have slightly different orientations: the orientation of the boxy/peanut would always be closer to the line-of-nodes than the orientation of the thin bar would be.
In Fig. 4 the galaxies are arbitrarily divided into three galaxy inclination bins (inc < 40
• , 40 . The y-axis is the difference between the orientations of the barlens and the disk, whereas the x-axis is the difference between the orientations of the bar and the disk. The differences are given in degrees. Shown are only galaxies where the barlens axial ratio (b/a) bl < 0.9. The galaxies that belong to the color subsample are indicated with an open symbol.
order to observe the behavior of the barlens orientation with respect to galaxy inclination. The x-axis shows the orientation difference between the bar and the disk, and the y-axis how much the major-axis barlens orientation deviates from that of the disk.
In the diagonal the barlens orientations are along the bar majoraxis, and in the horizontal line along the line-of-nodes. Taking into account the measurement uncertainties shown in Fig. 3 , it appears that barlenses are oriented between the diagonal and the horizontal line, which is consistent with the idea that they are In the middle panel we show the automatically defined regions for the central region ("nuc1" and "nuc2"; light and dark blue, respectively), for the barlens ("blc"; red), the bar (green), and the disk (yellow), see the text for details. In the right panel the manually selected regions for the barlens, the bar and the disk are shown (central regions are the same as in the middle panel). All images are in the same scale.
vertically more extended than the thin bar component. At the lowest galaxy inclinations (inc < 40 • ) the barlens orientation is more closely along the thin bar, following from their small intrinsic elongation along the thin bar major axis. For higher inclination galaxies (inc > 60
• ) both the thin bar and the barlens are oriented closer to the line-of-nodes. Contrary to barlenses, none of the boxy/peanut bulges studied by Erwin & Debattista (2013) showed an alignment with the thin bar. This is expected since the galaxies they studied appeared at galaxy inclinations of inc = 45
• − 65
• , where the orientations are expected to fall between the line-of-nodes and the orientation of the thin bar.
Obtaining the colors using the SDSS images
Making the color images
Color maps were constructed in (u-g), (g-r), (r-i), and (i-z)-indices for the color subsample. These indices were later used to make color-color diagrams indicative of the different stellar populations and metallicities. The images were rotated so that the bar major axis, determined from the 3.6 or 2.2 µm images, became horizontal. We trust the available sky subtractions, because the original uncertainties that appeared during the SDSS data release were checked by Knapen et al. (2014) .
However, before making the color images we needed to be sure that the two images used to make them have the same resolution. For that purpose the Gaussian FWHMs were measured using the IRAF 2 task "imexamine", applied to several field stars in each band for every galaxy. The mean values for the FWHMs are 3.28, 3.07, 2.76, 2.60 and 2.68 pixels in u, g, r, i and z bands, respectively. These values are equivalent to 1. 30, 1. 22, 1. 09, 1. 03, and 1. 06, respectively. As discussed by Bergvall et al. (2010) non-Gaussian extended tails at very low surface brightnesses appear, in particular in the i-band. However, although these tails might be important at low surface brightnesses, such effects are not important in our study where only high surface brightness structures are studied. For each color image the higher resolution image was convolved with a Gaussian point spread function (PSF) so that the convolved image had the same FWHM as the lower resolution image. The convolved images were then converted to magnitude-units and corrected for Galactic extinction using the re-calibrated Schlegel et al. (1998) extinctions in the infrared, made by Schlafly & Finkbeiner (2011) , assuming a reddening law with R V = 3.1.
Measuring the colors of the structure components
The convolved images were used to measure the colors of the different structure components. Instead of using directly the color index maps the fluxes in each filter were extracted for the regions defining the structure components. The fluxes in the two bands were then converted to colors applying also the wavelength specific Galactic extinction correction. The colors of the structure components were then measured with two different methods:
Approach 1 (see Fig. 5 , middle panel):
Colors of the two bar components, the disks, and the central peaks, were measured using an automatic approach defining the measured regions in the following manner: nuc1 (central region, light blue color): an elliptical region around the galaxy center was selected having position angle and axial ratio of as those of the barlens, and outer radius r = 0.1 × r bl . The region selected this way is smaller than nuclear rings typically are, thus avoiding color contamination from them. Given this definition of nuc1, in 16 galaxies the nuc1 region is smaller than the FWHM of the SDSS image (1.3 ). Our central regions defined by nuc1 go from unresolved to barely resolved nuclei, to much larger regions. In principle this central region could be associated to a small classical bulge, but as the colors alone cannot be used to define bulges, we avoid using that concept. nuc2 (central region, dark blue color): a similar elliptical region around the galaxy center as above was selected, but using a larger radius, r = 0.3 × r bl . This radius was large enough to cover possible nuclear rings. bl (barlens): barlens region was taken to be an elliptical zone inside the measured barlens radius. The shape and orientation of this region was defined by the measured b/a and the position angle of the barlens. However, the region covering the central region (nuc2) was excluded. blc (barlens, red color): this barlens region was otherwise the same as that of bl above, except that the region covering the thin bar (i.e., bar) inside the barlens radius was excluded. The advantage to the previous barlens measurement is that this approach avoids contamination of flux along the bar major axis in the barlens region. bar (i.e., thin bar, green color): was taken to be an elliptical region inside r = 0.9 × r bar , and outside the barlens. This way we avoid mixing the colors of inner rings with those representing the bars themselves: bars are often surrounded by star forming rings, superimposed with the bars. We used the measured position angle of the bar, and the axial ratio b/a = 0.5 × (b/a) bar . However, as a lower limit to b/a we used b/a = 0.2. For the bar this modified value of b/a was used, because the value that comes out directly from ellipse fitting overestimates the b/a of the thin bar component. This is because the elliptical isophotal shapes are contaminated by the fairly round barlenses sitting inside the bars. disk (yellow color): for the disk we used an elliptical region inside the radius r = 0.9 × r bar , using the ellipticity and position angle of the barlens. The regions covering the thin bar (green) and everything inside the barlens radius were excluded. The full bar radius was not used because we wanted to avoid possible contamination of inner rings, which often show recent star formation. Specific regions were visually selected and drawn on top of the r-band images. For a barlens two zones at opposite sides of the bar major axis were selected (red color), avoiding the region of the thin bar. The thin bar (green color) was measured in two zones outside the barlens, and avoiding possible star forming inner rings superimposed with the bar. For the disk (yellow color) two zones were selected approximately at the same radial distances where the edges of the thin bar appear.
The measurements using the two approaches are given in Table 2 , where the mean and median, and minimum and maximum colors, for each structure component are shown. Also given are the standard error of the mean, obtained by dividing the sample standard deviation with √ N. The advantage of approach 1 is that the measurements can be carried out automatically. It also gives a robust manner to include a maximum number of pixels for obtaining the colors of barlenses and thin bars. Approach 2 is more human guided and makes possible to avoid any obviously visible and unwanted star forming regions that might contaminate the color. In spite of these differences the obtained colors in the two measurements are fairly similar. In Table 2 we present data for only 45 of the 47 galaxies in the color subsample. The optical images of NGC 3384 contain artifacts perhaps produced at the mosaicking stage, thus affecting the measurement of the colors. This can be observed as fringes in the resulting color maps (see Appendix A). The case of NGC 4448 is an unfortunate combination of high inclination (inc = 71.2
• ) and an almost end-on view of the bar, which does not allow an estimation of the colors of the thin bar using our methods. These two galaxies Table 2 : Color index measurements for the structures of the galaxies in the color subsample. were excluded from our quantitative analysis, nevertheless, their color maps and color profiles are shown in Appendices A and B, respectively.
Any differences that appear between these two measurements can be used as uncertainties of our measurements. These differences are shown in Table 3 . For barlenses (bl in approach 1) the color differences in (g-r), (r-i) and (i-z) between the two measurements are less than or similar to 0.01 magnitudes, and in (u-g) similar to 0.02 magnitudes. This is the case both for the mean and median values. For the thin bars the color differences between the two measurements are less than or similar to 0.01 magnitudes in all the colors, both for the mean and median values. For the disks the mean and median colors are similar within 0.01 magnitudes in (r-i) and (i-z), and within 0.03 magnitudes in (g-r). Their (u-g) color is on average 0.10 magnitudes bluer in approach 2. Small differences in (u-g) color in the disk easily appear, because it is very sensitive to recent star formation and dust.
Besides the measurement-related uncertainty estimated from the difference of the two approaches, we need to consider the photometric uncertainty of the colors and the variance caused by the finite size number of the galaxies in our sample. Since we are dealing with the colors of the bright central parts of galaxies, the uncertainty of colors is dominated by the uncertainty of the magnitude calibration zeropoints. According to Knapen et al. (2014) the photometric calibration of SDSS DR7 is reliable on the level of 2%. Assuming that the zeropoint errors in different filters are independent indicates an uncertainty of 0.03 mag for the color of an individual galaxy. For a sample of 47 galaxies the uncertainty of the mean colors is 0.03/ √ 47 ≈ 0.004 mags, thus smaller than the typical mean difference (0.01 mag) between the two measurement approaches. It is also much smaller than the standard error of the mean, calculated from the sample variance and the number of galaxies in the sample (Table 2) : the largest error of the mean is 0.047 mags, for the (u-g) color of the nuc1 measurements. We may thus conclude that any difference in the mean colors of the components at the level or exceeding about 0.05 mag is likely to be real.
We are aware that the color of the underlying disk can affect the color of the bar. What is sometimes done is to remove the contribution of the disk to the other structure components by assuming that the disk is exponential, which disk is then extrapolated into the inner parts of the galaxies in each wavelength (see for example Balcells & Peletier 1994) . However, in case of barred galaxies that kind of strategy is not very reliable, because the disk under the bar is not necessarily exponential. Also, the absolute colors of measured structure components are not critical in this study, because we are particularly interested on the relative color differences of those components.
Analysis of the colors
Mean colors
Bars and the central peaks
The optical bands u, g, r, i, and z, as given in the Sloan Digital Sky Survey photometric system, cover the wavelength range of 3000−11500 Å (see Fukugita et al. 1996) , the effective wavelengths (λ eff ) of the bands being 3500 Å (u), 4800 Å (g), 6200 Å (r), 7600 Å (i), and 9000 Å (z). This wavelength range is dominated by O5, B5, A0−AF, G0−G5, K and M stars. In this study we use the colors (u-g), (g-r), (r-i) and (i-z). For these bands Shimasaku et al. (2001) has done aperture photometry for normal galaxies covering the whole range of Hubble types. They used galaxies brighter than 18 mag in the g-band, which is equivalent to 17.5 mag in b-band. They compared the obtained colors with those in the spectrophotometric atlas of galaxies by Kennicutt (1992) , converted to the same photometric system. Notes.
(a) Color differences between the two approaches calculated from the mean and median values given in Table 2 .
It was shown by Shimasaku et al. (2001) , using stellar population synthesis models, that fairly good solutions can be found for the color-color diagrams (g-r) vs. (u-g), and (r-i) vs. (g-r), but in (i-z) vs. (r-i) the observed galaxy colors are shifted by 0.1−0.2 mags so that the galaxies in (i-z) are bluer than predicted. Of course, the solutions are not unique, because there is a degeneracy between the stellar ages and metallicities. In the above color-color diagrams this degeneracy has been studied by Lenz et al. (1998) . Using Kurucz (1991) models they calculated the stellar effective temperatures (T eff ) for two different surface gravities representative of giant and dwarf stars, and for metallicities of [M/H] = +1.0, 0.0 and -5.0. They showed that the loci are quite thin for stars hotter than 4500 K, but that in the red end (populated by M stars) T eff depends on the different stellar parameters. This is important in our study where the colors are dominated by giant stars.
In the following the mean and median colors given in Table  2 for the measured structure components are compared with the total colors of normal galaxies in different galaxy surveys where the SDSS images have been used. These include (see Table 4 ) the mean colors of E galaxies by Shimasaku et al. (2001) which comprises 87 E's out of their sample of 456 bright galaxies, and the colors in the Spitzer Infrared Nearby Galaxies Survey (SINGS, Muñoz-Mateos et al. 2009 ), which galaxies we have divided into two morphological bins of bright galaxies (S0−Sb, and Sbc−late-type galaxies). The sample by Shimasaku et al. (2001, see their Table 1 ) is the most representative of normal galaxies. SINGS is biased to a sample of 32 bright galaxies (R absolute magnitude in the range from -18.4 to -22.1 mag) and it practically lacks elliptical galaxies.
It appears that the colors of barlenses and thin bars, using all of our color indices, are very similar with each other (see Table  2 ). In all colors the differences in the mean and median values are within the dispersion of our measurements. The colors of the two bar components are also very similar with the mean colors of normal elliptical galaxies as given by Shimasaku et al. (2001, their Table 1 ). The biggest difference appears in (u-g) and (g-r) colors in which the bar components are on average 0.1 magnitudes bluer than normal elliptical galaxies (1.69 vs. 1.79 in (u-g) and 0.74 vs. 0.83 in (g-r)) : the differences are at least two-fold compared to the standard errors of the mean colors of bar components. The central regions (nuc1) are slightly redder than the two bar components particularly in (u-g) and (i-z), where the dif- (Shimasaku et al. 2001 ) and SINGS galaxies (Muñoz-Mateos et al. 2009 ). ferences in the mean values are ∼ 0.09. The mean colors of (u-g) = 1.77 and (g-r) = 0.79 for the central regions (nuc1) are very similar to the colors of elliptical galaxies. In SINGS all the mean colors of S0−Sb galaxies are bluer than those in Shimasaku et al.
The fact that bars in our sample have on average similar red colors as the elliptical galaxies, is a manifestation that they are dominated by old stellar populations. This is important because it is well known that bars with young stellar populations also exist. In a sample of 18 S0−Sbc galaxies Gadotti & de Souza (2006) divided bars into two categories, namely those dominated by old (B-I = 2.17 ± 0.12) and young (B-I = 1.49 ± 0.20) stellar populations. The colors of bars in their study were measured at the end of the bar. We have six galaxies in common with their sample, of which four belong to their category of "old bars". For these galaxies we transformed our u, g, r and i SDSS colors into (B-I) colors using the equations by Lupton (2005) 3 . The obtained (B-I) colors are in agreement with those given by Gadotti & de Souza for five of the galaxies, at maximum deviating ∼ 0.3 mag. Only for NGC 4394 the difference is as high as ∼ 0.7 mag (redder in this work), probably due to a prominent inner ring that surrounds the bar, which might affect the color at the outer edge. In fact, the mean (B-I) color for all our common galaxies is (B-I) = 2.07, which is in agreement with the value for bars dominated by old stellar populations in Gadotti & de Souza. They discussed that although "young bars" in terms of stellar ages preferentially appear in young parent galaxies, that is not enough to explain the color differences between the two bar categories.
The colors and stellar populations of bulges have been extensively investigated in the literature, but the colors of boxy/peanut bulges are only rarely studied. One such study is that made by Williams et al. (2012) , thus giving us a point of comparison with barlenses. They made long-slit spectroscopy for 28 edgeon galaxies, of which 22 had boxy/peanuts. The parent galaxies had Hubble types of S0−Sb, which is also the Hubble type range where the barlenses in our sample appear. They studied separately the central peaks within the radius of a few arcseconds covering the PSF, and the boxy/peanuts outside that region. They found that the stellar properties of the central peaks were indistinguishable from those of typical E/S0 galaxies. However, that was not the case for the boxy/peanuts: although their stellar populations were not much different from those of the central peaks, their metallicity gradients were steeper than for the E/S0 galaxies.
The underlying disks
One of the first attempts to compare the colors of bars and the underlying disks comes from Okamura & Takase (1976) . They studied five barred galaxies, concluding that although the spiral arms are bluer than bars, measured using the (B-V) color index, the underlying disks have similar colors with bars. On the other hand, Elmegreen & Elmegreen (1985) studied 15 barred galaxies in (B-I) color, and found that the spiral arm regions can be bluer than the bar even if the spiral arms themselves were not particularly blue. However, counter-examples were also found. In this study we find that the disks have very similar colors with bars (thin bars) in (r-i) (the difference in the mean color is ∆ = 0.005 mag), but slightly bluer in the other bands: ∆ = 0.11, 0.03 and 0.04 magnitudes in (u-g), (g-r) and (i-z), respectively. This is of particular interest because the old stellar populations making bars and disks are expected to be the same. The disks of the barlens galaxies discussed above might actually be even bluer if the colors were measured outside the bar radius as was done by Elmegreen & Elmegreen (1985) .
Color-color diagrams
In Fig. 6 the color-color diagrams are plotted showing the central peaks (red asterisks), barlenses (pink filled circles), thin bars (green open circles), and disks (blue crosses). In the case of central peaks, only nuc1 regions are shown because nuc2 might contain contamination from the colors of nuclear rings. In the two upper panels plotted are (g-r) vs. (u-g), and (r-i) vs. (g-r), whereas in the lower panels (i-z) vs. (r-i) and (g-i) vs. (u-r) are shown. As a comparison we also plotted the mean values for the elliptical galaxies (black circle) in Shimasaku et al. (2001) and the S0/a−Sb (black star) and Sbc−late-type galaxies (black downward triangle) in Muñoz-Mateos et al. (2009) , shown in Table 4 .
Photometric separations of the stellar populations in these color bands were discussed for example by Fukugita et al. (1996) and Lenz et al. (1998) . In all the color-color diagrams the reddening vectors are also shown. In Fig. 7 the tracks of the stellar evolutionary models are shown in the same diagrams, and also the mean values for the different types of galaxies from the literature as in Fig. 6 . The models are from Bruzual & Charlot (2003) , using their "Padova 1994" evolutionary tracks, the Chabrier (2003) Initial Mass Function (IMF), and STELIB spectral library (Le Borgne et al. 2003) . The tracks were calculated for different stellar ages and metallicities, indicated in the figure. According to Terlevich & Forbes (2002) Between the u and g bands the stellar spectra contain the Balmer jump, which is sensitive to stellar surface gravity. Therefore the first diagram (upper left panel) is good for separating the main sequence stars from giant stars. As most of the line-blanketing from heavy elements also occurs at short wavelengths, among the selected diagrams this is perhaps also the most sensitive to metallicity. In the Fig. 3 by Lenz et al. (1998) , for a given (g-r) color the more metal rich stars have a higher (u-g) color index. The second diagram (upper right panel) separates the stars according to their effective temperatures in a more clear manner, although metallicity also still plays some role. At the color range useful in this study, the third diagram (lower left panel) is at some level also sensitive to the metallicity of giants stars. The (u-r) color index in the forth diagram (lower right panel) is sensitive to short lived stars, in a similar manner as the equivalent width of Hα (EW(Hα)) (see Casado et al. 2015) .
The bar components are mostly distributed to a narrow range of (g-r) colors of ∼ 0.7−0.8, indicating that they are dominated by K-giant stars. Overall the colors of the two bar components (barlens and thin bar) fall into the same region in this diagram. Therefore, taking into account that this diagram is also the most sensitive to metallicity means that the metallicities of the two bar components must be similar. On the other hand, the central regions of the galaxies (i.e., nuc1) are shifted to (g-r) > 0.8 and (u-g) > 1.8. For these high values of (g-r) and (u-g) colors the age-metallicity degeneracy prevents of making any conclusions of their possible higher metallicities or older ages. Simply high extinction in the central regions could explain the observed colors. Also a large majority of the disks have similar colors as bars in this diagram, but there are also some galaxies in which the disks are shifted to bluer colors: however even these colors (gr > 0.6) are representative of stellar populations dominated by K-giant stars.
(r-i) vs. (g-r): Also in this diagram the two bar components have very similar colors. However, the colors of the central peaks and the disks deviate from those of bars: for a given (r-i) the (g-r) color is redder for the central regions and bluer for the disks. As the reddening vector goes nearly perpendicular to the obtained shifts between the different structure components, the shifts cannot be explained by internal galactic extinction. Based on the simple models in Fig. 7 the shifts are not due to metallicity either. It is possible that the model tracks use too simple model for star formation and therefore cannot account the observations well.
Again, the two bar components have very similar colors, whereas the central peaks and disks are shifted so that for a given (r-i) color the central peaks have redder (i-z) color, and the disks have bluer color. According to Shimasaku et al. (2001) there is 0.1−0.2 magnitude uncertainty in the z-band calibration of the SDSS images, but that is not critical in this study because we are looking at the relative colors between the structure components. Again, these color differences between the structure components cannot be explained neither by internal galactic extinction, nor by metallicity, in particular if solar or super-solar metallicities are concerned. Obviously, the central peaks are more dominated by the infrared flux observed in the z-band, whereas the bars and disks are less dominated by the infrared flux.
The last panel uses (u-r) which is sensitive to the presence of massive, short-lived stars that dominate the blue part of the spectrum (Casado et al. 2015) . The color index (u-r) traces stellar populations ages not much older than OB stars, traced by EW(Hα). Based on the studies of a large galaxy sample and using the SDSS images, it has been shown that the division line between active and passive galaxies appears at (u-r) = 2.3 (Casado et al. 2015; McIntosh et al. 2014) . This also marks the well padova1994 + stelib + chab known red and blue sequence among the galaxies in the Hubble sequence. Looking at our Fig. 6 (lower right panel) it appears that all the structure components studied by us are mostly passive. The central peaks are even redder than the bars or disks, having (u-r) = 2.5−3.0. However, among all the structures there are some individual cases in which manifestations of active star formation appears (u-r < 2.3).
In conclusion: thin bars and barlenses have similar colors. The main body of them have colors best traced with the stellar evolutionary tracks with stellar ages of 5−10 Gyr and solar metallicity (Z 0 ), mainly in the (g-r) vs. (u-g) and (g-i) vs. (u-r) color-color diagrams. However, the colors are not so well accounted when (r-i) appears in the diagram, which leaves uncertain the interpretation of the color-color plots using (r-i). In any case, taking into account the reddening vectors it is clear that extinction alone cannot explain the redder central colors. Using nuc2 instead of nuc1 would reduce the difference between the central regions and barlenses, because possible central star forming rings are then covered. However, even the central regions appear redder than barlenses.
Comparison of the colors of barlenses with respect to
those of the other structure components
In the following the colors of the structure components are derived galaxy by galaxy. In each color we calculated how much the barlens color deviates from the color of another component, that is, from the central peak, the thin bar, or the disk. These color differences are shown in Fig. 8 using the same color indices as above. In the histograms positive and negative deviations are shown with red and blue colors, respectively. The median values of the color differences are also indicated in the plots. The measurements using the two approaches explained in Sect. 4.2 are shown in panels (a) and (b). This analysis also shows that the colors of barlenses are very similar to the colors of the thin bars of the same galaxies, manifested as almost zero deviations in their average color differences. Small deviations to both directions appear particularly in (u-g) and (g-r), which can be associated to metallicity, star formation, or small differences in the dominant stellar populations. This is not unexpected having in mind that some of the barlenses have rich structures manifested in their color maps, as will be shown in the next section.
The central peaks (nuc1) are systematically redder than barlenses in all the color indices except in (r-i). Using the larger apertures (nuc2) gives somewhat bluer relative colors, because in some of the galaxies the central color is contaminated by a star forming nuclear ring. Anyway, the obtained tendencies for the colors of the central regions is independent of the aperture size used. However, there are also some barlenses in which the central region is clearly bluer than the barlens, which is manifested particularly in (u-g) and (g-r), and a hint of that appears also in (r-i). In (r-i) this might be related to prominent emission lines in star forming regions in r-band. On the other hand, the colors of the disks within the bar radii are systematically bluer than those of barlenses. Again, this is the case in all the other colors except in (r-i).
Color profiles of individual galaxies
Color profiles in (g-r) and (i-z) for the barlens galaxies in our color subsample are shown in Fig. 9 and Appendix B. The color profiles were obtained from the corresponding color map, along the bar major axis, within the stripes shown in Fig. 10 (region between two parallel dashed lines). The stripes were defined to have a width of 0.2 × r bl centered on the galaxy center. What is actually shown in the profiles are the color deviations in respect of the median colors along the bar major-axis. The radial coordinates are normalized to r bar . The color profiles were divided into groups based on how flat the profiles are. F indicates a completely flat color profile in which any deviation from flatness is not larger than the random color variations of the profile. RP indicates that the galaxy has a red central peak which is clearly larger than the random variations. RP+nr includes galaxies that have a red central peak and also a nuclear ring clearly identifiable as two minima in the (g-r) color profile, one at each side of the peak. nb contains galaxies with nuclear bars classified by Buta et al. (2015) . B contains barlenses with bluer nuclear features due to a nuclear ring or a blue central peak, here the (g-r) profile shows a minimum in the central region. D means that the color images show plenty of dust features inside the barlens manifested in the profiles as variable color. According to this division of the barlens galaxies to different groups, red central peaks appear in 21 (45%) of the galaxies. This number includes also the five (11%) red nuclear bars, and the five (11%) galaxies with star forming nuclear rings surrounding the red central peaks (in Appendix B: RP, RP+nr, nb). In ten (21%) of the galaxies the profiles are completely flat, and seven (15%) galaxies have blue central peaks. In nine (19%) of the galaxies the whole barlens regions are full of dust and star forming regions. The galaxies with star forming nuclear rings or red nuclear bars are indicated in Table 1 . Negative color gradients in barlenses appear at least in IC 1067 and NGC 2968, and variable colors in some other galaxies, associated to complex dusty structures within the barlenses. NGC 6014 represents a particular case in which a nuclear ring is manifested as two minima in the (g-r) profile, however it shows signs of a bluer central region. We have included this galaxy in the B group (Appendix B) but considered its nuclear ring in Table 1 .
In conclusion: although the small central regions of barlenses have on average redder colors than the rest of the barlens, the color profiles along the bar major axis hint to clearly red central peaks only in ∼ 23% of the barlenses (those that belong to the RP group).
In order to characterize the extension of the red central peaks, we looked at those galaxies for which the FWHM of the images is clearly smaller than the radial extension of the peak (see Appendix B). In such cases one can be sure that the observed structure is resolved and the size can be estimated in a reliable manner. Visual inspection of the color profiles revealed that the peak extension is typically ∼ 10% that of the bar. However, it should be kept in mind that extinction by dust can also affect this estimation of the peak extension.
Compared to the Atlas of Images of NUclear Rings (AINUR, Comerón et al. 2010) we have also detected blue nuclear rings in NGC 3185, NGC 3351, NGC 4245, and NGC 4314, which belong to our RP+nr group. On the other hand, nuclear rings are reported in AINUR for the galaxies NGC 936 and NGC 4262, classified by us as having flat color profiles. In fact, for NGC 4262 a nuclear ring might appear also in our color profile, but the signature is not very strong. In total, we have 24 galaxies in common with AINUR but only 12 of them have the full set of optical images used here (NGC 4593 has only g-band imaging). Apart from the two F and four RP+nr cases mentioned above, from AINUR we have classified one Rp (NGC 4371), two nb (NGC 2859 and NGC 4340), one B (NGC 3945), and two D (NGC 4448 and NGC 4579) as can be seen in Fig. 9 and Appendix B.
About 20% (15) of the barlens galaxies in our sample are shown to have some type of nuclear activity in HYPERLEDA (Makarov et al. 2014) , being mainly Seyfert 2 nuclei or LINERs. Only NGC 4639 has Seyfert 1 type nucleus in our color subsample. However, the galaxies with nuclear activity do not show any peculiarities in their central colors. Eight of these galaxies belong to our color subsample. We have compared their nuc1 median colors with those of the rest of galaxies without active galactic nuclei (AGN) classification. The differences are ∆(u-g) = 0.024, ∆(g-r) = 0.016, ∆(r-i) = 0.034, and ∆(i-z) = 0.013 magnitudes. These differences are smaller than, for example, those among the disks and the bars of galaxies, except in the (r-i) index (see Section 5.1.2). This suggests that the central parts of barlens galaxies with and without AGN are rather similar.
Color maps of individual galaxies
Color maps of the representative examples of barlens galaxies are shown in Fig. 10. The g-band images, (g-r) and (i-z) color maps, as well as the color profiles along the major and minor axes of the bar in both colors are shown. In order to facilitate the interpretation of the profiles, the images were rotated so that the bar major axis appears always horizontally. In the color profiles, the red and blue vertical lines indicate the sizes of barlenses and the thin bars, respectively. The selected galaxies are examples of the different categories shown in Fig. 9 and Appendix B, marked in parenthesis below. The colors of bars are generally fairly smooth, although some of the bars have a lot of finestructure, related to dust extinction and recent star formation, or separate structure components like nuclear bars or star forming nuclear rings appear.
NGC 5701 (F):
is an S0/a galaxy, at an inclination of inc = 15.2
• . The color profiles both along the bar major and minor axes are completely flat, and the barlens shows no structure in the optical colors. The median colors are (g-r) ∼ 0.77 and (i-z) ∼ 0.27, which are also normal colors of elliptical galaxies according to Shimasaku et al. (2001) .
NGC 4596 (RP):
is an S0/a galaxy with inclination of i = 35.5
• . This galaxy has a red central peak at r ∼ 5 , which has colors of (g-r) = 0.91 and (i-z) = 0.39. At (g-r) this is a typical color of an elliptical galaxy (compared with 0.83 ± 0.14 in Shimasaku et al.) , and at (i-z) slightly redder than the mean value (compared with 0.27 ± 0.06 in Shimasaku et al.) . The barlens is featureless even at (g-r) color showing very little intermediate aged star formation or features of dust. This is an example of galaxies in which small classical bulges might be present in the central regions.
NGC 4314 (RP+nr): has a Hubble stage Sa, and has an inclination inc = 20.4
• . This is an example of barlens galaxies which have a red central peak in the color profile along the bar major axis (in g-r and i-z). The central peak appears within r = 5 , and has colors of (g-r) ∼ 0.92 and (i-z) ∼ 0.35, which are redder than the mean values in normal elliptical galaxies. The red peak is surrounded by a star forming nuclear ring visible in (g-r). Outside the nuclear ring spiral arms appear, which are red in (gr) probably being a manifestation of dust. The nuclear ring and the nuclear bar of this galaxy have been previously discussed in the optical by Erwin & Sparke (2003, see references there) , and in the infrared by Laurikainen et al. (2011) . In Laurikainen et al. (2014, see their figure 1 ) the observed surface brightness profiles along the bar major and minor axis were shown and compared with those predicted by the simulation model by Athanassoula et al. (2013) . They concluded that these profiles are similar to those predicted by the simulation models.
NGC 4143 (nb): this is an S0 galaxy with an inclination of inc = 43.8
• . It hosts a nuclear bar with a radius of r nb = 2 (Laurikainen et al. 2011 ). Looking at its (i-z) color profiles, it seems likely that the observed central peak is related to this feature. This is suggested by the peak radial extension, which roughly corresponds to that of the nuclear bar. This can also be seen in Appendix B, given that r nb , normalized to the size of the main bar (r bar ) is ∼ 0.1, which is roughly the same extension of the central peak. However, in this case the central peak is unresolved because the FWHM is larger than the peak extension.
NGC 3380 (B): this galaxy has Hubble stage S0/a and galaxy inclination of inc = 20.8
• . Belonging to category B, the barlens has a blue central region within a few arcseconds inside a redder barlens. The blue nucleus within a few arcseconds appears in both colors, but it is particularly clear in (g-r) , indicating that it consists of younger stellar populations than the barlens. The bar is blue in its outskirts, and in the zone where it crosses the surrounding ring-like structure (rs).
NGC 4579 (D): this is an Sa galaxy at inc = 41.6
• . This is an example of a dusty barlens galaxies. Particularly in the (g-r) color map a lot of fine structure appears inside the barlens. The star forming regions inside the barlens are oriented along the disk, but they are much more elongated than the outer disk, meaning that they are clearly associated to the barlens morphology. In the (i-z) color profile there is a small red central peak.The minor-axis profile further illustrates that the red color is associated to the whole barlens, which color steadily turns bluer from the galaxy center toward the edge of the barlens.
Discussion
Barlenses form part of the bar
One of the main motivations of this study was to answer the question whether the optical broadband colors support the idea that barlenses form part of the bar, in a similar manner as the boxy/peanut bulges do. We have shown that the mean colors of the two bar components, barlenses and the thin bar, are identical. The colors of the two bar components also fall into the same regions in the color-color diagrams studied by us, which means that they must have fairly similar metallicities, dust content, and dominant stellar populations. However, one must keep in mind that the straight comparison of measured colors with those predicted by models provides no clear, unambiguous age information. If we look at the individual galaxies and the obtained color differences between the two bar components we end up with the same conclusion: no systematic deviations either to redder or bluer colors appear in any of the color indices. The range of deviations is extremely narrow in (r-i) and (i-z), and somewhat broader in (u-g) and (g-r). Obviously some of the barlenses are dusty and have a variable contribution of young and intermediate aged stars, which naturally explains the broadening. Our method for obtaining the colors is robust, and does not depend on whether the region of the thin bar within the barlens radius is included to the color measurement or not. So the answer is that the colors obtained for the two bar components in this study indeed are consistent with the idea that barlenses form part of the bar. The main body of the stars in barlenses were formed at the same time with the stars of the thin bars. Whether the barlens structure also formed at the same time with the rest of the bar is a matter of making detailed dynamical models for these galaxies.
The colors do not answer the question whether barlenses are also thick in the vertical direction. However, support for the vertical thickening of barlenses comes from our analysis of their apparent isophotal orientations with respect to the thin bars and the disks line-of-nodes. A comparison with the predictions of the theoretical models also provide some insight to this question. Formation of barlenses in the simulation models have been discussed by Athanassoula et al. (2015) . Their simulations use GADGET-3, combining stellar N-body with SPH methods, which makes possible to model star formation during the formation and evolution of the bar. In these models the vertically thick inner bar components are protruded from the disk material soon after the bar forms. In the edge-on view they are boxy/peanuts or X-shapes structures, and in face-on view have the appearance of barlenses. No bulges were added to these models while starting the simulations, while a central concentration could grow during the simulation via bar induced gas inflow and star formation. More details of these models are explained by Athanassoula et al. (2013) . For several galaxies in our sample (NGC 1022, NGC 1512, NGC 4314, NGC 4608, and NGC 5101) Athanassoula et al. (2015) suggested that the K s -band or 3.6 µm profiles along the bar major axis can be explained by their models without invoking any assumption of a pre-existing classical bulge. Direct comparisons with the model profiles were done for NGC 5101 in Athanassoula et al. (2015, their Fig. 3 ) and for NGC 4314 in Laurikainen et al. (2014, their Fig. 1 ). They observed that the surface brightness profile along the bar minor axis is exponential. Along the bar major axis the profile is less steep and has an exponential subsection associated to the barlens. Similar bar profiles were obtained in the models by Athanassoula et al. although they were not specific models to those galaxies. Although no predictions of specific colors of the structure components are given in these models, they do predict that the oldest stars in the vertically thin and thick bar components should have similar ages. When bars evolve in their models they are rejuvenated by later gas accretion and star formation which can be manifested throughout the bar. This is in a qualitative agreement with the similar colors obtained for the two bar components in this study, although the colors still leave open the question what are actually the ages of the oldest stars in these structures. Many of the barlenses in our sample also have rejuvenated stellar populations and strong features of dust, indicating that they have accreted gas also after the bar formation, of which gas only some fraction has ended up to the central regions of these galaxies.
Classical bulges embedded in barlenses?
Bulges in S0s are generally thought to be massive, although multi-component structural decompositions have reduced the mass estimates (Laurikainen et al. 2005 (Laurikainen et al. , 2010 (Laurikainen et al. , 2014 Erwin et al. 2015) . However, we would still expect to see the most massive classical bulges in the S0s. Having this in mind the different groups of the barlens color profiles studied in this work are interesting. A typical profile type is flat along the bar major axis, showing no evidence of a massive (classical) bulge redder than the bar itself. In one of the barlens groups the barlens is even covered by irregular dusty features, of which NGC 2968 and NGC 1022 are good examples. Such dust features might be manifestations of ongoing gas accretion to the barlenses. In the rest of the barlens groups the characteristic features appear in the central regions of the galaxies, either associated directly with recent star formation, or manifesting themselves in the form of small red central peaks. In one the groups the red central peaks are due to red nuclear bars, but there are also barlenses in which the red central peaks are rather unresolved dusty nuclei, or small central concentrations of the old stellar populations.
Our study does not support the idea that massive classical bulges appear in S0s, but it does not rule out either the possibility that small bulges other than barlenses appear in these galaxies. As colors alone are not sufficient to distinguish stellar population ages, detailed stellar population analysis for individual galaxies, combined with simulation models, is needed for retrieving the star formation histories of barlenses.
Summary and conclusions
We have analyzed a sample of 79 barlens galaxies that appear in the classification by Buta et al. (2015) in the Spitzer Survey of Stellar Structure in Galaxies (S 4 G; Sheth et al. 2010) , and in the Near-IR S0 galaxy Survey by Laurikainen et al. (2011, NIRS0S) . The infrared images of these surveys were used to measure the sizes and orientations of barlenses. The conclusions made from the study of these parameters are the following:
Barlens orientations were compared with the orientations of the thin bars and the lines-of-nodes. We showed that the region where barlens galaxies appear in the |PA bar -PA disk | vs. |PA bl -PA disk | plane is as expected if they were vertically thick components embedded in a flat disk. In galaxies seen in nearly face-on view (inc < 40
• ) barlenses are often aligned with the thin bar indicating small intrinsic elongation along the thin bar.
The size and orientation measurements of barlenses obtained in this study are consistent with those previously made by HerreraEndoqui et al. (2015) for the same galaxies.
For a subset of 47 galaxies optical colors using the Sloan Digital Sky Survey (SDSS) images at u, g, r, i, and z-bands from Knapen et al. (2014) , were studied. The colors of the different structure components, including the two bar components (barlens and thin bar), the disks, and the central regions of the galaxies were measured. Color maps and color-color diagrams were also constructed. Based on the color profiles along the bar major axis, the galaxies were divided into different groups. The following conclusions were made:
Barlenses vs. thin bars: the two bar components were found to have very similar colors in all the color index images studied here. It means that their stellar populations, metallicities, and the values of internal galactic extinction must on average be fairly similar. Thus, the very similar colors that we found for the barlenses and the thin bars, are a manifestation that barlenses indeed form part of bars, in a similar manner as boxy/peanut bulges. The mean colors at (u-g), (g-r), (r-i) and (i-z) are also similar to the mean colors of normal elliptical galaxies. Galaxy by galaxy studies further showed that galaxies which have irregular features related to rejuvenated stellar populations in barlenses do exist.
Barlenses vs. central peaks: except for the (r-i) color index, the central peaks are slightly shifted toward redder colors in all of our color-color diagrams. This can be due to internal galactic extinction or higher metallicities, but based on the stellar population grids used by us no unambiguous explanations for these redder colors could be obtained. Many of the barlenses (11, accounting for ∼ 23 % of the color subsample) also have central star forming nuclear rings or redder nuclear bars.
Barlenses vs. the underlying disks: disks are systematically bluer than bars (or barlenses) in all the color indices studied here, except in (r-i). The difference is best visible in the color-color diagrams (r-i) vs. (g-r) and (i-z) vs. (r-i).
Appendix A: Color maps and color profiles of the barlens galaxies in the color subsample
In this appendix we include similar plots as those presented in Fig. 10 for the complete barlens color subsample. For each galaxy we show the g-band image in the bar region (left panel), the (g-r) color map and color profiles both along the major and minor axes of the bar (middle panels), and the corresponding (i-z) color map and profiles (right panels). Appendix B: Color profiles of the barlens galaxies in the color subsample
In this appendix we show the same information as in Fig. 9 for the RP, RP+nr, nb, B and D profile groups (see text for details). 
RP
